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S-I Derivation of the state-price density

In this section, we derive the state-price density shown in Proposition Al.
Proof of Proposition Al. Duffie and Skiadas (1994) show that the state-price density for a general

normalized aggregator f is given by

T = ef[; fv(CS’JS)dtfc (Ct, Jt) ) (S_l)

where f.(-,-) and f,(+,) are the partial derivatives of f with respect to its first and second arguments, respec-

tively, and J is the value function given in (A4). The Feynman-Kac Theorem implies
f (Ct, Jt—)|1/t,:i dt + E; [th| Vi = ’L] = O, 1€ {1, 2}

Using Ito’s Lemma we rewrite the above equation as
1
= f(C,J;))+ClJicgi + iOQJi,ccaéi + N (J; = i), (S-2)
for i,j € {1,2}, j # i. We guess and verify that J = h(CV'), where V; satisfies the nonlinear equation system

(V3/Vi)' ™ 1

_ 1
0= pu(V, 1)"‘91'_27027,2"'_)‘1'( -~

) ) Z?] € {1,2}, .7 7& i (S_S)
Substituting (A3) into (S-1) and simplifying gives

_ feP Rl u(v gy, ~07%), (8-4)

When ¢ = 1, the above equation gives the second expression in (A5). We rewrite (S-3) as

slie (= D)uw] =r- (- 1) (W)[<> e L2 4

(S-5)
where T; is given in (A7). Setting ¢ = 1 in (S-5) gives (A9). To derive the first expression in (A5) from (S-4)
we prove that

Vi = (Bpc,) "% 4 # 1. (S-6)

We proceed by considering the optimization problem for the representative agent. She chooses her optimal
consumption, C*, and risky asset portfolio, ¢, to maximize her expected utility

Jt—supEt/ f(cr,JHd

Observe that J* depends on optimal consumption-portfolio choice, whereas the J defined previously in (AS)
depends on exogenous aggregate consumption. The optimization is carried out subject to the dynamic budget
constraint, which we now describe. If the agent consumes at the rate, C*, invests a proportion, ¢, of her



remaining financial wealth in the claim on aggregate consumption (the risky asset), and puts the remainder in

the locally risk-free asset, then her financial wealth, W, evolves according to the dynamic budget constraint:

dWy
Wi_

*
t—

We_

= Pt— (dRC,t - Tt,dt) + Tt,dt —

dt,

where dRc; is the cumulative return on the claim to aggregate consumption. We define N; ; as the Poisson pro-
cess which jumps upward by one whenever the state of the economy switches from i to j # i. The compensated
version of this process is the Poisson martingale

Nl =N, — At
It follows from applying Ito’s Lemma to P = poC that the cumulative return on the claim to aggregate
consumption is
dP; + Cidt

dRc: = 2
t—

= ,LLRc;t_dt + O'C,t—dBC,t + U§C7t,dNP

vt

where

1 P, 1
NRC1t7|yt7:i HRe,i = Gi + 70’%‘71' + )\l ( 1 — 1> + 5

2 PC,i PC,i

O'C7t— |ut_:i

Il
Q
Q

P
ORc t— ‘

vi_=1

for i € {1,2}, j # i. The total volatility of the return to holding the consumption claim, when the current state

2
_ 2 P
ORc,i = \/UC,i + A (URc,i) :

Note that C* is the consumption to be chosen by the agent, i.e. it is a control, and at this stage we cannot rule

is 4, is given by

out the possibility that it jumps with the state of the economy. In contrast, C' is aggregate consumption, and
since it is continuous, its left and right limits are equal, i.e. Cy— = C}.
The system of Hamilton-Jacobi-Bellman partial differential equations for the agent’s optimization problem
is
21*17;; (G ), _idt + B [dJf |- =i =0, i€ {1,2}.

Applying Tto’s Lemma to J; = J* (W, 1) allows us to write the above equation as

Cr 1
0 = sup f(CF,J7)+ Wi w <<Pz' (MR, —Ti) +1i — WZ> + §Wi2 ZWW‘P?U%CJ +
Crei i

+Xi (JF = JF),ie{1,2}, j #i.

We guess and verify that J;* = h (W F;), where F; satisfies the nonlinear equation system

Cr N 15, (F;/F)"™7 =1\ o
0= ;Pgl Bu (WZE) + (g@i (MRos —Ti) + 15 — VVZ) ~ 3V¥i0Re T i (j T c1e{1,2}, j #i.

i



From the first order conditions of the above equations, we obtain the optimal consumption and portfolio policies:

cr o= BUFTYTUWL i e {1,2),
1 i—Ti .

wi = 7/”%02,77"716{1?2}'
v O—Rc,i

The market for the consumption good must clear, so ¢; =1, W; = P;, C¥ = C (and thus J = J*). Note that

2

this forces the optimal portfolio proportion to be one and the optimal consumption policy to be continuous.
Hence

2
MRcyi —Ti = YORe i

and

pei=B""F " (8-7)
The above equation implies that for ) = 1, pc; = 1/8. The equality, J = J*, implies that CV; = W F;. Hence,
F; = paliVi. Using this equation to eliminate F; from (S-7) gives (S-6). Substituting (S-6) into (S-4) and (S-5)
gives the expression in (A5) for ¢ # 1 and (A6). =

S-II Perpetual Arrow-Debreu default claims—static capital structure

Proposition S-1 Under static capital structure, the price of the perpetual Arrow-Debreu default claim, qp :; =

limr_¢ 00 qD,ij,7—t, 18 given by

Yoy i X, X > Xpa; Yooy o m X, X > Xp;
4dp,11 = 1, Xp2 <X <Xppy; dp,12 = 0, Xp2< X <Xp;

1, X < Xppo, 0, X < Xpp,

2
ZJ‘VLZl hll,v;ze (km) Xkrln7 X > XD,l; an:l h12,m€ (km) ka, X > XD,l;
dp,21 = 72172}21 +> o simXIm, Xpo< X< Xpi; 4p22= 231:1 sZijm, Xpo <X < Xpa;
0, X < Xpo, L X < Xppa,
(S-8)

where k1 < ko < 0 are the negative roots of the quartic (S-15), € (k) is defined by (S-16), j1 < jo are the roots
of the quadratic (S-17) and h11,1, h11,2, P12,1, P12,2, S1.1, 51,2, 52,1, S2,2 are given by (S-18).

Proof of Proposition S-1. Letting T'—t — oo in ¢p ;;7—¢, we obtain the perpetual Arrow-Debreu Default
Claims, ¢p,;;. The no-arbitrage principle gives (7), which using Ito’s Lemma can be rewritten as the following

ordinary differential-equation system:

dgp.qj 0X + 1 d?qp.i;

dx 2 dX? 0%, X%+ Xi (qD.kj — qD.i) = 14D ij» 55 € {1,2}, k # 4, (S-9)

where
oxi =/ (0%)? + (0% ;) (S-10)

is total earnings growth volatility in state ¢ and

~

0, =06; — ’YPXC,iU%_jUC,z‘



is the risk-neutral earnings growth rate in state . The definitions of the payoffs of the Arrow-Debreu default
claims give us the following boundary conditions:

1, j=i, X<Xp,
i () ={ 0 j2ixZx0) - (s11)

Value-matching and smooth-pasting give us the remaining boundary conditions: for j € {1,2}

lim g¢qpo; = lim g¢p.o;
127 D,2j5
X|Xp; X1Xp; '
lim gpo; = _lim gpo;.
X|Xp,j; X1Xp,; 7

Expressing (S-9) in matrix form gives:

1 U%X 0 2 &? 51 0 d T 0 —3\\1 h) dp,11 gD,12 0 0
- > X _ P ‘1 ) ’ =
(2 [ 0 U%,X ]X dX?2 + 0 92 XdX { O1 T2 } + )\2 _/\2 [ dp,21 4D,22 ] [ 0 0 ]
(S-12)
From (S-11) it follows that

wilx_x,, ={ 0 127 (5-13)

We first solve (S-12) subject to the conditions above for the region X > Xp 1. We seek solutions of the form
qp.ij = hij X%, i,j € {1,2}, where

L[ ok, O 6 0 A7 P\ hii h 0 0
Py ’ — PN 1= n M 11 12 | — ~

(2[ 0 Ui,z}k(k 1”[ o o "L R A e ]=[8 8] s
A solution of the above equation exists if

1 Ug{l 0 51 0 B W h)
_ ) _ B 1 1 M1 =
det<2{ 0 oi,z]k(k 1”[0 0, |F T 0

i.e. k is a root of the quartic polynomial

1 e 1 L I
[za;lk (k—1)+ 01k — ()\1 + rl)} [203(,21@ (k—1) + Ok — (AQ + T2>:| ~ o =0, (S-15)

which is the characteristic function of (S-12). The above quartic has 4 distinct real roots, two of which are

positive, provided that ox ;, 7, Xi>0forie {1,2} (see Guo (2001)). Therefore the general solution of (S-14)

is
4
km
QD,ij:E hijm X ™,
m=1

where k,, is the m’th root (ranked in order of increasing size, accounting for sign) of (S-15). To ensure that
4p,ij, 4,7 € {1,2} are finite as X — oo, we set h;;3 = h;ja =0, 4,5 € {1,2}, so we use only the two negative
roots: k1 < ko < 0. From equation (S-14), it follows that

h21,m _ h22,m

= =e€(kn), me{1,2},
hll,m h12,m ( m) { }



where

/):2 éa‘%ylk‘(k—l)—‘ré\lki— (/):1 +T1)
(k) =— — ~ =— — : (S-16)
Lok ok (b= 1) + 8k — (R +72) M
Therefore
2
qp,1j = Z hijmXPm, § € {1,2},
m=1
2
QD,Zj = Z hlj,m6 (km) kaa .7 € {L 2}
m=1

We now solve (S-12) subject to the relevant boundary conditions for the region Xp o < X < Xp ;. We know
gp.11 =1, gp,12 = 0. Therefore

Lo (101 % 271019 (3 1 071\ [ a2z 3
(a%ald e+ 8 25— Cerr (4 2]) [ B30 ]+ [ ] =0
We can show (using the same method we use to solve (S-12)) that the general solution of the above equation is

o~

N , ,

qp21 = =~ + 511 X7 + 51 2X72,
T2 + )\2

gp22 = 821X7' 4 592X72,

where j,,, m € {1,2}, are the roots of the quadratic

1 o ~
§U§(,2] (J—1)+ 62 — ()\2 + 7”2) =0, (S-17)

such that j; < jo. Expressions for Arrow-Debreu default claims are summarized in (S-8). To find the 8 constants:

hi11,R11,2, h12,1, R12,2, 51,1, 51,2, 52,1, 52,2, we use the following 8 boundary conditions:

wuly-x,, = 1 4a2lx—x,, =0,

lim ¢gpo1r = _lim g¢ppo1, lim gpo= lim g¢p 22,
X1Xp X1Xp1 X1Xp X|Xp

lim q,D 21 — lim (Ib 21, lim q/D 90 = _lim qlD 225
XT1Xpa ’ X|lXpa T XTXpa ’ X|Xpa ’
walx-x,, = 0 a22lx_x,, =1

The 8 boundary conditions give 8 linear equations, which can be written in matrix form as

Xp X, 0 0 0 0 0 0 1
0 0 X5, Xk 0 0 0 0 levl 0
G(kl)Xle,l 6(k2)X1]%2,1 0 0 _Xg,l _Xgl 0, 0. hiii rj-%

0 0 (k)X elk2) X3, 0 0 —Xp1  —Xpa hio | _ 0
kve(k)X Py kae(ko) X2, 0 0 —h X5, —hXE, 0 0 s | 0
0 0 kre(k) Xy koe(ka) X134 0 0 —h XD, 5 X%, il’z 2
0 0 0 0 X3, X3, 0 0 o b
0 0 0 0 0 0 X3, X%, ’ 1
(S-18)



The above equation system can be solved in closed-form to give h11,1, hi1,2, h12,1, h12,2, 51,1, 51,2, 52,1, 52,2

We obtain {Pp.ij}ijeq1,2y and {pp.ij}ije{1,2}, by setting ry = ro = 0, and ry =75 =0, v = 1/ = 0,
respectively. Then we can compute the perpetual risk and time adjustments via R;; = gg—l; and 7;; = Zg—zj ]

S-IIT Perpetual Arrow-Debreu restructuring/default claims—dynamic

capital structure

Proposition S-2 If Xy o < Xy,1, then the perpetual Arrow-Debreu restructuring claim is given by

1 X > XU,I; 0 R X > XU,I;
2;121 Gum X', Xpa < X < Xyp; an=1 gr2.m Xl + 7”11%12, Xv2 < X < Xu,1;
n1,u = Zm:l hll,kam7 Xp1 <X < Xyp; q12,Uu = an:l hlg)mka, Xp1 <X < Xy;
0, Xpo2 <X <Xp; 0, Xpo <X <Xpi;
0, X < Xppo. 0, X < Xpo.
0 X > XU,I; 1 X > XU,2;
0 Xua2 < X < Xy 1 X1 < X < Xyo;
21U = Ziﬂ hi1,me (km)_kaa Xp1 <X < Xy Q22U = anzl hi2,me (km)_ka, Xp1 <X < Xy
Z,zn:l S21,mX7™, Xp2 <X < Xpy; anzl S22 mX7™, Xpo <X < Xpp;
, X < Xpo; 0, X < Xpo,
($-19)

where 911,1, 911,2, h11,1, h11,2, h11,3, h11,4, 912,1, 912,2, h12,1, h12,2, h12,3, h12,4, S11,1, S11,2, S12,1, S12,2 are

determined by (S-23), and the perpetual Arrow-Debreu default claim is given by

0 X > XU71 0 X > XU,l;
2 1 2 l
Zi"zl grimX'™, Xy <X < Xy Zinzl grzmX'™, Xy <X < Xy
q11,D = Zm:l hu’kam, XD71 < X< XU72; q12,Dp = Zm:l h127ka"", XD71 < X< XU71;
, Xp2 <X <Xpg; , Xp2 <X < Xpg;
1, X < Xp,, 0, X < Xpo,
0 X > Xy 0 X > Xy
0 XU,2 <X< XU,I; 0 XU,l <X < XU,2;
Xp1 <X < Xypo;

421,D =

0,

Zim:1 hi1,me (km) XAkma
5 )
Zm:l 521,mXJm + T212/):27

Xp1 <X <Xyu;
Xpo <X < Xpp;
X S XD,Z)

q22,D =
Zm:l 8227mX]7n’

3

Sy fzme (k) XF7,

Xp2 <X <Xpi;
X < Xpp,

(S-20)

where gi1,1, g11,2, P11, hii2, P13, 14, 12,1, 9122, hi2,1, hi22, hi2,3, hi24, S11,1, S11,2, S12,1, S12,2 are

determined by (S-24). If Xu1 < Xu,2, then the perpetual Arrow-Debreu restructuring claim is given by

1 X > XU’Q; 0 X > XU’Q;
1, Xug < X < Xyo; 0, Xuq < X < Xyo;
QiU = 22:1 hi1mXPn, Xpi1 <X < Xpa; qr2,Uu = Z;zl hiomXFm, Xp1 < X < Xyp;
0, Xp2<X < Xpn; , Xp2<X < Xpa;
0, X < Xpp, 0, X < Xpp,
~ 0 X > XU,Q 1 X > XU,Z;
ﬁ + Zinzl go1,m X7 Xy1 < X < Xyp; 42;:1 G22,m X7 Xui1 < X < Xuypg;
2.0 =9 N hiyme (k) XP, Xpi < X < Xpg; 922U = Zm:]zhlz,mG(km)‘Xk”a Xp1 <X < Xup;
Yoot S21m X', Xpo2< X < Xp; 2 om=1 522,m X7, Xp2 <X < Xpa;
s X < XD,Z; ) X < XD,Q,
(S-21)



where g11,1, 911,2, P11,1, P11,2, P11,3, Pi1as 912,15 912,2, Pi21, Ri22, Pi2s, Ri2a4, S11,1, S11,2, S12,1, S12,2 are
determined by (5-25), and the perpetual Arrow-Debreu default claim is given by

0 X > XU72; 0 X > XU,2§
0, Xvu1 <X < Xy 0, X1 <X < Xy
q11,p = anzl hitmXFm, Xp1 <X < Xy Q12,u = anzl hiomXFm, Xp1 <X < Xya;
1, Xp2 <X <Xpa; 0, Xp2<X < Xpn;
1, X < Xp,o, 0, X < Xp,o,
, 0 X > Xy,o; 1 X > Xyo;
4Zm:1 g21,m X Fm . X1 < X < Xypz; 212“:1 G2, m X Fm Xu1 < X < Xypo;
q21,U = Zmzl hll,m6 (km) X/\ma XD,l <X < XU,I; q22.,U = an:]zhlzme (k‘m) ka, XD,l <X < XU,2;
St s2m X0+ 22 Xpo < X < Xp; D1 S22m X, Xpp <X < Xpy;
0, X < Xpo, 0, X < Xpa,
(5-22)

where 911,1, 911,2, h11,1, h11,2, h11,3, h11,4, 912,1, 912,2, h12,1, h12,2, h12,3, h12,4, S11,1, S11,2, S12,1, S12,2 are
determined by (S-26).

Proof of Proposition S-2. We consider the cases Xyo < Xy and Xy < Xy separately. When
Xv2 < Xy,1, we must solve for Arrow-Debreu default and restructuring claims in the following 5 regions:

1. X > Xy4
2. Xy2 <X <Xy
3. Xp1 <X < Xyp
4. Xpa <X < Xp,
5. X < Xppo

The time-t price of the perpetual Arrow-Debreu restucturing claim which pays out a unit of consumption at
restructuring if restructuring occurs in state j, conditional on the current state being i satisfies the basic asset
pricing equation

E? [d(ZU,ij — TiqU,ijdt|l/t =1i.
Therefore,

9 d2QU7ij A d(IU,ij N
Xigx2 T X0, ax Xi(qukj — qu,ij) — Tiqu,ij = 0,

1
Z X2
2

subject to relevant boundary conditions. In the first of the above regions, restructuring is immediate whatever
the current state is. Therefore ¢y 11 = qu22 = 1 and qu12 = qu.21 = 0. In the second region, restructuring is
immediate if the current state is 2. Therefore, qu22 = 1 and gy 21 = 0. To find gy,11 and qu,12, we must solve

the ode’s:

1 2 2 d2QU,11 A dQU,n ~
§X X1 2 + X6, i (r1 + A1)qu11 = 0,
and
1.5 5 d2l]U,12 A dQU,lz >
§X OX1 " gx2 + X0, e + (1 —qui2) —riquiz = 0.



Therefore,

([ b § o[ b 0] Goon) [0 1)) [0 )+ [ 4181,

The general solutions of the above ode’s are

quin = guX" +gaX",
151 lo /):1
quiz = ga X"+ gpX?+ =,
1+ A\

where [; <[5 are the roots of the quadratic

1 ~ ~
S0kl (l=1) + il - (Al + rl) —0.

In the third region

1 U%X 0 2 &? 51 0 d T 0 —Xl h) qu,11 QU112 0 0
— ) [E— P _ PN /l ? ) =
(2 [ 0 0‘%7X ]X dX?2 + 0 6 XdX [ 0]L T } + X —No [ qu;21  qU,22 } [ 0 0 }

The above ode system has the following general solution

4
quij = Y hiymX,
m=1
4
qu,2; = Z 6(km)hlj,m)(km7
m=1

where k1 < ko < 0 < k3 < k4 are the roots of the quartic (S-15) and € (k) is defined by (S-16).
In the fourth region default is immediate if the state is 1, but not if the state is 2. Therefore, g1 = qu,12 =0
and

d?qu,2; 5 dqu,2;
2 2j 2j

X0, —=22
XeTgxy TRy

1 ~
§X20 - (TQ + )\Q)QU,QJ' =0.

The general solution of the above ode is

2
qu,2j = E 825,mX7™.
m=1

where j; < jo are roots of the quadratic (S-17).
In the fifth region, default is immediate in both states, and so g1 = qu,12 = qu,21 = qu,22 = 0. Therefore,
in summary we have (S-19), where the 16 constants, g11.1, g11,2, R11,1, P11,2, h11,3, R11.4, 912.1, G12,2, R12.1, R12.2,

hi2,3, h12,4, 511,15 S11,2, S12,1, S12,2, are the solutions of the 16 simultaneous linear equations, which arise from



the 16 boundary conditions:

Qlel‘XlXU,l = Qlel‘XTXU,l’ QU721‘X‘LXU,2 = QU721|XTXU,2 ’ QU711|XLXD11 = QU’ll‘XTXD,l’ QU,21|XLXD’2 = QU,21|XTXD’2,

— / — _ / !
QU’11|X1XU,2 - QU,11|XTXU‘27 qU’ll}XlXU,Q - qU’11|XTXU,2 ) qU721|XlXD,1 - qU721|XTXD,1’ qU’21|XiXD,1 - qU’21|XTXD,1 )

qU712‘XlXU11 = QU712\XTXUY1, qU722‘XlXUY2 = qU722|XTXUY2 ; qU712|XlXD11 = qUJQ‘XTXD,1 ; qU,22|XlXD72 = qU,22|XTXD)27

_ / _ / _ / _ /
QU,12|XlXU’2 = QU,12|XTXU,27 QU,12‘XLXU12 = QU,12’XTXU,2 ) (JU,22|X¢XD,1 - QU722|XTXD,17 qU722’XiXD,1 - QU722|XTXD,1 :

We now solve for the Arrow-Debreu default claim. The time-t price of the perpetual Arrow-Debreu default
claim which pays out a unit of consumption at default if default occurs in state j, conditional on the current
state being ¢ satisfies the basic asset pricing equation

E2 [dqp,ij — riqp,ijdtlve = 1] .

Therefore,

d?qp.i; + X4, dqp.i;

e x T Ai(qpkj — qp.ij) — TiqD.ij = 0,

|

iX O—X,i
subject to relevant boundary conditions. In the first region, restructuring is immediate whatever the current
state is. Therefore gp 11 = ¢p,12 = ¢p,21 = ¢p,22. In the second region, restructuring is immediate if the current

state is 2. Therefore, ¢p 21 = ¢p,22 = 0. To find gp 11 and ¢p 12, we must solve the ode’s

Lo o dqpaj |y daD.yj 3
X ok X057 — (n+ A)ap,; = 0.
The general solutions of the above ode are
2
g = > gumX",
m=1
2
g1z = Y grzmX'".
m=1

In the third region,

1 U%X 0 2 &? 51 0 d r 0 —Xl h) dp,11 4D,12 0 0
— I —_ PN —_ L ,l ’ ’ =
(2 [ 0 U%,X ]X dx?2 T 0 0 XdX [ O1 T2 ] + Ao —Ao { dD,21 {D,22 ] [ 0 0 ] :

The above ode system has the following general solution

4
krn
dDp,1j; = g hlj,mX ,
m=1
4
km
a2; = Y elkm)hijmX"m.
m=1

9

(S-23)



In the fourth region default is immediate if the state is 1, but not if the state is 2. Therefore, ¢p,11 = 1 and

4dpD,12 = 0. AISO7

%X%gm% + X0, dzll}m + Xz(l —qp21) —T2qp 21 = 0,
and

%XQU;Q% + X0, d(g}% + /):2(0 —qp,22) — T2qp,22 = 0.
Therefore,

(s[4 4 )[04 ) o) [ 9 1) (82 ] [ =

The general solutions of the above ode’s are

gp21 = S111X7 +s112X72 + =,
T2 + A2

gp22 = 8121 X7 + 5122 X72.

Therefore, in summary we have (S-20). To determine the 16 constants, gi1.1, 911,2, P11,1, R11,2, R11.3, P11.4,
12,1, 912,25 h12,1, hi2,2, hi2,3, hi2.4, S11,1, S11,2, S12,1, S12,2, We solve 16 simultaneous linear equations, which

arise from the 16 boundary conditions:
QD,11|XLXU,1 = QD,11|XTXU,17 QD,21|XlXU,2 = QD,21|XTXU,27 QD,11|X1XD,1 = QD,11|XTXD11 ) QD,21\XLXD’2 = QD,21|XTXD72»
QD,11|X1XU’2 = QD,11|XTXU’2 ) q/[)711|XlXU,2 = qlD’ll}XTXU,Q’ QD,Ql‘XlXD’l = QD721|XTXD,1 ) va21|XlXD,1 = Qb,21|XTXD’1 )
QD,12‘XLXUY1 = qD’12‘XTXU,17 QD,22|X1XU12 = qD’22|XTXU,27 qD712|X1XD,1 = QD,12|XTXD11, QD,QQ‘XlXDQ = QD122|XTXD,2’
qD,12|XlXU,2 = QD;12|XTXU727 th?‘xlxu,z = q/Dx12‘XTXU12’ qD,22|Xlwa1 = QD’22|XTXD,1 ] qbﬂ’xlxp,l = qb722’XTXD’1 :
(S-24)
When Xy 1 < Xy, we must solve for Arrow-Debreu default and restructuring claims in the following 5
regions:
1. X > Xy
2. Xpy1 <X < Xyp
3. Xp1 <X <Xy
4. Xpa <X < Xp,

5. X < Xpo

10



In the first of the above regions, restructuring is immediate whatever the current state is. Therefore, gy 11 =
qu,22 = 1 and qu,12 = qu,21 = 0. In the second region, restructuring is immediate when the state is 1, but not

when the state is 2. Therefore, qy,11 =0, qu,12 = 0 and

1 d*q ~ dg ~
§X2‘7§<,2 d;?;l + X6, d[;;—gl +X2(l—qu21) —mquar = 0,
1 d*q ~ dg ~
§X2‘7§(,2 d)((],;z + Xel% + X2(0 — qu22) —T1qu22 = 0.

Therefore,

(a8 40 d Vg Geem) [0 4]) (2] [ ] =0

The general solutions of the above ode’s are

Qa1 = guaX" +graX7?+

ro + //\\2 ’
Qa2 = G2 X7 + g122X72.

In the third region

1 U%X 0 2 &? 51 0 d r 0 —3\\1 h) qu,11  qu,12 0 0
— I —_ P —_ L ,l ) ) fr—
(2 [ 0 U%,X ]X dXx?2 + 0 0, XdX [ 01 T2 ] + X —Ao [ qu,21  quU,22 ] [ 0 0 ] :

The above ode system has the following general solution

4
;g = Zhlj,kamv
m=1
4
qu,2; = Z e(km)hljJnka
m=1

In the fourth region default is immediate if the state is 1, but not if the state is 2. Therefore, qy11 = qu,12 =0

and

1 d? - ~ dqu.a;
5Xzaz qu,2; +X62M

X20x2 dx

— (ro + XQ)QU,Qj =0.

The general solution of the above ode is

2
QU2 = E 525 mX7™.
m=1

In summary, we have (S-21). To determine the 16 constants, g11.1, 911,2, P11,1, P11,2, P11,3, P11, G121, 9122,

hi2.1, hi2.2, hi23, hi2.4, S11,1, 511,2, 512,1, S12,2, We solve 16 simultaneous linear equations, which arise from the

11



16 boundary conditions:

QU711|X1XU,1 = QU711|XTXU,1’ QU711|X1XD,1 = qull‘XTXDJ’ qU121|XlXU12 = qU721|XTXU,2’ quQl'XlXuvl = qU721|XTXu,1’

| = a1 | = a1l 21| = 2| vl = 42|
W2Alx | xp, = W2Alx1xp, > W2lx|xp, = W2lx1xp, W2llx|x,, = Watlxix,, Watlx | x,, = W2lx1xp,,
QU712|X1XUY1 = qU712|XTXUy17 qU712|X‘LXD11 = qU712‘XTXD11 s CIU,22|X1XU12 = qU,22|XTXU127 qU,22|XlXU11 = qU,22|XTXU11 s

[xixp, = @022] [x1x0, = 22| vl x,, = 2] velxix,, = W22l
W22lx|xp, = W22lx1xp, > W2lx|xp, = W2lx1xp, W22lx | x,, = W22lx1x,, W22lx x5, = W22lx1xp,

(S-25)

We now solve for Arrow-Debreu default claims. In the first region, restructuring is immediate whatever the
current state is. Therefore, gp 11 = ¢p,12 = ¢p,21 = gp,22 = 0. In the second region, restructuring is immediate
when the state is 1, but not when the state is 2. Therefore, gp 11 = gp,12 = 0 and

1 d*qp 21

~d ~
§X2cr§(,2 e T X0, Zl;’;l +A2(0—gp21) —71gp21 = 0,
1 d? ~d ~
§X20§<,2 dcgfjé22 + X91% +X2(0 —gp22) —T1gp22 = 0.

Therefore,

(ial b 2] amea[d 8] & (o) (3 0]) (182 = (8],

The general solutions of the above ode’s are

@p21 = 111X+ g112X7,
qp22 = g121X7" + g122X72.

In the third region

1 U%X 0 2 & 51 0 d T 0 —Xl h) qp,11 9gD,212 0 0
— ) _ ~ _— N ,l ? ? =
(2 [ 0 o3x ]X xz o 6 )X { 0 r } TN h [ D21 4D.22 } { 00 }

The above ode system has the following general solution

4
N E s XFkm
qD,lj - 13,m )
m=1
4
km
ip2j = €(km)hajmX ™.
m=1

In the fourth region default is immediate if the state is 1, but not if the state is 2. Therefore, ¢p 11 = 1 and

g¢p,12 = 0, and so

1 d? < d ~
§X2U§(,2 dq)?;l + X0 (ill;(m + X2(1 —gp21) —T2¢D 21 0,
1 d? ~d ~
§X2(T§(72 CZ)?;Q + Xﬂz% + A2(0 — gp22) — 12¢D 22 0.

12



The general solutions of the above ode’s are

9 ~
_ im A2
qp21 = E S92 mX7™ + =,
me1 T2 + Az
2

qp22 = E 822, mX7™.
m=1

In summary, we have (8—22). To determine the 16 COIlSta,l’l'ES7 911,15, 911,2; h11717 h1172, }?,11737 h,11747 912,15, 912,2,
hi2.1, hi2,2, hi23, hi2.4, S11,1, 511,2, 512,1, S12,2, We solve 16 simultaneous linear equations, which arise from the

16 boundary conditions:

QD711‘X1,XU,1 = QD711‘XTXU,1’ qD’11|XlXD,1 = qD,11|)(T)(D,1 ) qD’21|XlXU,2 = qD,21|XTXU12a qD,Ql‘)(l)(U’1 = QD721‘XTXU,1’

— _ / o / _
QD’21|X1XD,1 = qD’21|XTXD,17 QD,21‘X1XD,2 = ‘JD,21|XTXD,27 QD,21|XlXU,1 = QD,zl‘XTXUJa QD,21}X1XD11 = QD,21|XTXD11’

QD,12\X1XU11 = CID,12‘XTXU,17 QD,12|X1XD,1 = qD’12|XTXD,1 ) qD722|XLXU,2 = qD’22|XTXU,2’ QD,zz\XlXU,1 = QD,22‘XTXU,17

— _ ! 0 / 7
qD722|XlXD,1 - qD,22|XTXD)1 ) qD,QQ‘XlXD’Q - qD,22|XTXD,2 ) qD722|XlXU’1 - qD722|XTXU,1 ) qD’22|XlXD,1 - qD’22|XTXD,1 .

S-IV  Further details on the risk adjustment

In this section, we give further details on the comparative statics of the risk adjustment and details of how it is
computed.

Comparative statics of the risk-adjustment are economically intuitive. Since more intertemporal risk in-
creases the risk price associated with shifting into the bad state, R,,; increases and R,,2 decreases as the
half-life of the Markov chain governing changes in the state increases. When an economic downturn is more
severe, the risk price associated with shifting into the bad state is higher. Therefore, an increase in consumption
growth volatility and a decrease in expected consumption growth have a similar effect on the risk-adjustment.
As the risk-neutral expected earnings growth rate decreases (e.g. because the expected earnings growth de-
creases or systematic earnings growth volatility increases), the risk of defaulting in the bad state increases, thus
lowering R,,1.

Interestingly, the effect of firm-specific factors is quite different from the effect of consumption growth.
For example, increasing idiosyncratic earnings growth volatility makes both good and bad states worse, but
decreases all risk-adjustment factors, since there is less risk associated with whether default will take place or
not within a given time interval. Similarly, higher default boundaries lead to a fall in risk-adjustment factors.
As we show in the paper, higher leverage leads to optimally higher default boundaries, and thus risk-adjustment
factors are decreasing with respect to leverage as well.

We estimate the risk adjustments reported in Table III of the paper as follows. Along with default proba-
bilities, we compute the risk-adjustment, R,,., = PD v,vp/PD1vp, for individual firms and then for each firm
we compute R; = fiR;1 + Ri2 and hence R = fiR1 + foRo, which is reported in Panels A and B. Then we
compute this quantity under cross-sectional dynamics, which is reported in Panel C. Thus, due to averaging
over states, the risk-adjustments reported in Table do not satisfy the relationship, gp = 7Rpp. Note also,

13
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that the Ro,u, = PDwv,vp/PD,vvp implies that the risk adjustment R,,,, is very sensitive to the value of the
the actual probability, pp.,,.,, and one needs only small changes in this number for our model implied risk

adjustments to be much closer to those in Berndt et al. (2005).

S-V  Finite maturity corporate bonds

Proposition S-3 Conditional on the current state being i, the date-t price of a zero coupon risk-free bond which
pays out one unit of consumption at date T, is

B?‘iT—t — Et |:7TT|Vt — Z:| — [e*(diag(’r‘l,Tﬁ*[\)(T*t)(1’ I)T]ia (8—27)
)l T

where diag(ri,r2) is the 2 by 2 diagonal matriz with r1 and ro along the diagonal and A— { _X/\l )‘i } 1
2 A2

the risk-neutral generator matrix.
Conditional on the current state being i, the date-t price of a zero coupon risk-free bond which pays out one

unit of consumption at date T, if the economy is in state j at date T is

0
By

Qs . . . = . .
gt = Ei 7TT Pr(vr = jlvy = i)jve = z} =Pr(vr = jln = z)B?)i7T_t. (S-28)
t

Proof of Proposition S-3. In this proof it is not necessary to distinguish between the state of the economy
at dates t— and t. By definition

T .
BY. =F; |—|v, =1].
fi,T—t t |:7Tt ‘ t :|

The basic asset pricing equation implies that

oBY. +_, R
%7; * Z Xij(BYjry—BYir ) —1iB}ip =0,
i

The above equation can be rewritten in matrix form as

oBS -,
5+ (A~ diag(r1,r2)|B = 0,,

where Q%Tft = By sBYor )" 02 = (0,0)7, A is the risk-neutral generator matrix and diag(ry,rs) is
the 2 by 2 diagonal matrix with r; and ry along the diagonal. To solve the above differential equation system,
define y via

E(},T—t = By,

where E = (e;,e,) is the matrix of column eigenvectors of A— diag(ry,re), i.e.

[/A\ — diag(ri,72)]e; = wie,;, © € {1,2}.
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Then

0 ~
E(% + [A = diag(ry,m2)|Ey = 0
0 -
6—% + E7YA — diag(ry, m)Ey = 0
dy
21Dy =
8t + g QQa

where D = E‘l[f& — diag(r1,m2)]E is a diagonal matrix. Solving the above differential equation system gives

_ —Dt
y=e "'m,

where m is a 2 by 1 vector of constants of integration. Hence,

0 —Dt
Ef,Tft = Ee m,

_ Ee*DtEflb’
where b is a 2 by 1 vector of constants of integration. Since E(f),o = (1,1)7T, it follows that

B}y, = EeP'ETY(1,1)7,

— o (diag(ri,ra)=A)(T—t)

Equation (S-27) follows.
The price of a zero coupon risk-free bond which pays out one unit of consumption at date 7', if the economy

is in state j at date T is just B?c,i’Tf75 multiplied by the risk-neutral probability of being in state j at date T,

conditional on being in state ¢ at date t. Equation (S-28) follows. m

Proposition S-4 Finite maturity risk-free debt pays a coupon at the rate ¢ until maturity (time T) and the

amount P at maturity. The time-t price of finite maturity risk-free debt when the current state is i is given by

1 2B}, ir—t
Byir-t=c ( - Z . R ) + PB}, . (S-29)

TPi i TP

Proof of Proposition S-4. The date-t value of finite maturity risk-free debt is

T TrS .
—ds|lvy =1
t Tt

conditional on the current state being i. Hence,

Bf,i,T—t = CEt l:/ Ed8|1/t = Z:| — Et l:/ Ed8|l/t = Z:| + PEt |:71-T|l/t = Z:l .
t T T Tt Tt

We know that
& 1
E, U Ts ds|v zz} -
t Tt TP

15

T
Byir—t = cEy + PE, [ﬂ_TVt = z] ;
t




Furthermore,

o0 2 o0
Et |:/ Ed5|Vt = 'L:| = Et |:7TT|I/t = Z:l ZET |:/ EdS|l/T 2]:| PAI‘(Z/T =j|l/t = 7,)
Tt T 1 T TT

T =

2 R . T
= ZET [/ —ds|vr :j} Pr(vr = jlve = i) Fy [ut = z]
e T TT Tt
2

1
= 2Bl

j=1 B

and

T . 0
Et |:|I/t = Z:l = Bi,T—t'
Tt

Equation (S-29) follows. m

Proposition S-5 Finite maturity corporate debt pays a coupon at the rate ¢ until default (the random time, Tp)
or maturity (time T ), whichever is earlier, and the amount P at maturity, if default has not already occurred.

The time-t price of finite maturity corporate debt is

2 2

1 1 ~ 1 .
Bir—+ = ¢ > —BY s (0 =Ppir—t) = > —apijr—t | + PBYip (1= Ppir—t)
TPJ j=1 Tij l j=1 'I"P,j
2
+ a4 (Xp ), (S-30)
j=1

where pp i 7—+ 15 the risk-neutral probability of default occurring before time T, conditional on the current state
being i and qpij ¢ is the price of an Arrow-Debreu security, which pays of a unit of consumption at default,
if default occurs in state j and before time T, conditional on the current state being i.

Closed-form expressions for B]QMT_I‘I and B%LT_t are given in the proposition above, whereas pp i 7—¢ and

qp.ij,T—t are computed by Monte-Carlo simulation.

Proof of Proposition S-5. The date-t value of finite maturity corporate debt is

min(7p,T)
ﬂ-S .
Bir_i = cEy / —ds|lvy =1
t Uy

s . Tr .
+ PEt |:7TT]-{TD>T}dSVt = Z:| + Et |:7TD1{TDST}AV7—D (XTD)d3|Vt = Z:| .
t t

We simplify the above expression term by term.

min(7p,T) s
Et / 7d3|Vt =1 = Et
t Tt

T D
e . s .
/ 1y srydslys = i| + By V —rp<rydsy, = Z} :
t T t Tt
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The first term in the above expression can be rewritten as

T oo o s
=1 dslyy =i| = E 1 dslyy =1i| — E 1 dslvy =i
/t p {rp>T} 3|Vt ? t [/t p {rp>T} 5|Vt Z] t [/T p {rp>T} 3|Vt Z]

oo 7TS
= E [/ 1{TD>T}ds|Vt = z]
t

s | 5 . .
—E l: 1{7’D>T}|Vt = Z:| ZET |:/T EdSlVT = J:| PI‘(VT = J|Vt = Z)

Ey

= Et [/ 1{TD>T}d3|Vt =
t

T

g 1 T —~ . .
= Et |:/ p ]-{TD>T}dS|Vt = Z I |:T:].{TD>T}PI'(VT = _]‘Vt = Z):|
t

]

—XZ:ET UT T ds|vr :j] Et[ 1{TD>T}Pr(VT=JVt—l)]
|-
|-

2

oo 1 N

= b [/ 1{TD>T}dS|Vt - Z 7Bf, ijr—t(L—=DpiT—t)
t

=1 P
Similarly,
™D s . %) s
E, — 1 p<mdslyy =i| = E; —lrp<rydslyy =i Et 1{TD<T}ds\Vt =4
+ Tt t Tt
()07_(_8
= E, [/ 1{TD<T}ds\1/t = z]
t
T 2 “ o ==
—FE; [TDl{TDST}Vt = z] ZETD {/ —ds|v,p —j] Pr(v.p, =l =14)
Tt j=1 TD 7TTD
o0 7_(_8 )
= FE [/ —1{rp<rydslyy = z]
t T
2 < T T —~
~> B, [/ —dslvr, = J} b [ml{mg}m% = jln = i)l =i
3 T 7T7'D Tt
J=1 b
- E Tsq dslvy =i| =S —qpuijrt-
t |:/t T {rp<T} sl 7':| ;Tp,qu7 3Tt
Therefore,
min(7p,T) T oo o 2 1 2 1
E “dslyy,=i| = E / sdsuzi]— —BY i r_ (L =Ppir—t) — Y —apijr—
; /t -, dsle ] t[ o v ;TP,J' Figr—t(1 = Ppir—t) ;TP,]' D.ij. Tt
2 2
1 1
= - B} 1—Dppir—t) — —4Dij, T—t-
— ;r 7i5,7—t(1 —DPpiT—t) ;TPJQD,J,T t
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Now we simplify E; [% Lirpsmyds|yy = z}

T . s . T i
b Sttt =] = S =] < [t =]
- E {”Tdslut = z] ~ E, [sth/t = Z] Ppi Tt
T Tt

= BY,r (1 =Dpuir—t)

Simplifying E; [%1{TD§T}AV7D (Xrp)ds|vy = z] gives

Tr . Tr . . .
E, [Wfl{mST}AwD (X;rp)ds|yy = z} W—:I{TDST}AVTD (Xrp)ds|lvy =4, V7= Pr(vy, = jle = z)}

2
>h
j=1

T ) . .
Tfl{mgT}Aj(XD,j)dS Pr(v,, = jlv = i)y =, VTD—J}

2
= Z E,
j=1

2
T ) . .
= ZEt ?Dl{TDST}dsPr(VTD = jlu =1i)|n =1, V"'D—j] Aj(XDJ')
i=1 !

2
= > apur-a;45(Xp,).
j=1

Hence,
min(7rp,T) s 7 .
Bi,Tft = CEt / 7ds|l/t =1 + PEt |:]‘{TD>T}dSVt = Z:| + Et |:D1{TDST}AVTD (XTD)d5|Vt =1
¢ Tt s Tt
1 1 1
= C — 730-- _ 1—AD‘T, — —d4p i T—
P 7:21 P, fi,5,T +( Pp.iT—t) 7:21 7,Pﬂ,q Jig, T—t
2
+PBY; r (1 =Ppir—t) + > apijr—10;4;(Xp ;).
j=1
]

S-VI Estimation details

To estimate a Markov switching model as described in Hamilton (1989), we start by assuming that aggregate

consumption, C|, is given by

1
ct+1 = Alog Cri1 = gi — 50?;71- +o0ciEot+1, (S-31)

and aggregate earnings, X = 22[:1 X, by

1
Ttyr1 = Alog Xt+1 = 07 — E(O'g(,i)Q + Ui,isX,t—i—lv (S—32)
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where shocks to earnings growth and consumption growth are normally distributed with zero mean and unit
variance and correlation of pxc. The joint normal distribution for earnings growth and consumption growth
denoted by &

. 1
Q(xy, ce|lvy = 4,13 1) = . 5 exp{—l/?(sg(,t + 5%*,t —2pxcexecy)/(1— P%{C)}
2770')(72‘0'0,1' 1-p%c

where ; denotes the set of all observations up to time ¢ and I" the set of unknown parameters. Having obtained
our parameter estimates by maximizing the log-likelihood, we must obtain the parameters of the continuous-time
Markov chain from the estimated discrete-time transition matrix

_( P P12>
P_(P21 Py )

where P;; = P(vi41 = 0;|v, = 0;) is the probability of switching from state ¢ to j within a quarter. To do this

note that the matrix of quarterly transition probabilities, P, is related to the generator of the continuous-time

chain
_( =X A
A= ( Xo he )
by eri = P. Using standard techniques from linear algebra, we can show that
A h S ( fo —f2 ) odp i
€ (fl f2)+ -h fllt )e ’ (8-33)
Where p = A1 + A2 and f; = %, i,7 € {1,2}, j # i. Equating (S-33) with P implies that

1[’12)_1 ( Py )
=14+ = andp=—-4In(1-—- —— ).
f < Py P 1-fi

S-VII Comparison with Bansal and Yaron (2004)

The consumption-based asset pricing model we use as a building block for our structural-equilibrium model
uses a representative agent with Epstein-Zin-Weil preferences and assumes that the first and second moments of
consumption growth are stochastic. The framework we use to model the stochastic behavior of these moments
is clearly similar to Bansal and Yaron (2004), but there are also important differences, which we now describe.
In particular, we focus on explaining why our model, as calibrated, is not a long-run risk model.

Bansal and Yaron (2004) use a discrete-time model, where conditional expected consumption growth and

the volatility of consumption growth follow AR(1) processes, such as
Tiy1 = 0Tt + O€t41, (8-34)

where €,y follows the standard normal distribution and is independent over time. The parameter g is the
persistence of the AR(1) process. It follows from (S-34) that

E; [$t+s] = 0°xy.
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Therefore, if |o| < 1, then the AR(1) process has a long-run (also known as ergodic or stationary) mean of zero,
ie.
E[Z‘t} = lim Et[-rt-i-s] =0.

The process converges to its long-run distribution geometrically with rate p. Its current distance from its long-
run mean is x; and the mean of the distance from the long-run mean at time ¢ + s is E¢[xs45]. The time it

takes for the mean distance from the long-run mean to halve gives the half-life, t/3, of the AR(1) process, i.e.
Et [$t+t1/2] = %xt, which lmphes that

Ini
by = o
In Bansal and Yaron (2004), the monthly persistence parameter for conditional expected consumption growth
is 0 = 0.979, implying a half-life of 32.6592 in months, which is 2.72 years. The longer this half-life is, the slower
the convergence of the AR(1) process to its long-run distribution. When g is close to 1 the AR(1) process is
difficult to distinguish statistically from a unit root process and convergence to the long-run is slow, resulting
in a longer half-life. Models where this is this case, such as Bansal and Yaron (2004), are known as long-run
risk models. The Markov chain in our framework has a smaller half-life of ¢, /5 = 0.9065 years, which, in an
AR(1) process, would imply a monthly persistence parameter of 0.4655. This number is clearly much smaller
than 1 and results in an AR(1) process, which can be statistically distinguished from a unit root. Furthermore,
its convergence to its long-run distribution is much faster than in Bansal and Yaron (2004). Thus, it would
be inaccurate to state that our model, as calibrated, is a long-run risk model. In fact, since the Markov chain
changes state at a frequency similar to that at which business cycles change, it would be more accurate to
describe our model as a business-cycle risk model.
The other difference between our framework and Bansal and Yaron (2004) is that, in our model, states are
discrete rather than continuous. Furthermore, as we explain in the paper, the average duration of each state

can be different, which is impossible with an AR(1) process.

S-VIII Stripping down the model

In this section, to make it easier to see which assumption in our model is responsible for what effect, we strip
down the model by removing intertemporal macroeconomic risk in the first and second moments of earnings
and consumption growth. This leaves us with Model 1, where aggregate consumption and earnings growth are
ii.d. and the representative agent has Epstein-Zin-Weil preferences. We then rebuild the model piece-by-piece.
In Model 2, we introduce Markov switching in the first and second moments of earnings growth, but not to
consumption growth. And finally, in Model 3, we rebuild the model fully by having Markov switching in the
first and second moments of consumption growth. To get a fair comparison across models, we calibrate them
all to the same data on earnings and consumption and use an optimal default boundary with optimal capital
structure. For each model, we produce credit spreads and the levered equity risk premium for an individual
firm at it’s refinancing point and for a dynamic cross-section. Table S-I below summarizes our results.

Note that in Model 1, we use an EIS of 0.75 to ensure that the (before-tax) price/earnings ratio, given by

1

T+pxcoxoc — pix’

(S-35)

20



where 7 = 3+ ig — %7 (1 + i) o2, is finite. We can see from the above expressions that if the EIS, v, is high,

(which makes the agent is more tolerant of non smooth intertemporal consumption profiles), then the agent
invests more in the risk-free bond, which reduces the locally risk-free rate, 7 and thus increases the price/earnings
ratio. However, we must ensure that the EIS is small enough that ¥ + vypxcoxoc — ux > 0.

In order to get a fair comparison across models in Table S-I, we must thus set the EIS equal to 0.75 in all
models (even though in Models 2 and 3, price/earnings ratios are still finite when the EIS is greater than 0.75).

Note that to obtain a high credit spread while keeping actual default probabilities realistically low, our
model must produce both a high time adjustment and a high risk adjustment factor. Observe that the time
adjustment factor is already quite high in Model 1, and does not increase significantly across models. The reason
is that solely by using Epstein—Zin-Weil preferences, we can separate relative risk aversion and EIS and thus
obtain a reasonably low risk-free rate (this point was made in Weil (1989)). This implies a high time adjustment
factor, without having to introduce Markov switching in the growth rates of macroeconomic fundamentals.

Adding Markov switching to the first and second moments of earnings growth, but not consumption growth
(moving from Model 1 to Model 2) does not impact the size of the credit spread and the levered equity risk
premium much at all, because these switches are not correlated with the state-price density, and are hence not
priced. This is summarized by the fact that the risk-distortion factor, w, is 1.

Introducing switching in the moments of consumption growth (moving from Model 2 to Model 3) leads to
a significant increase in the spread and the risk premium. Switches in the moments of earnings growth are now
correlated with the state-price density (w > 1, so the state-price density jumps up whenever expected earnings
growth/earnings growth volatility jumps down/up). Thus switches in earnings growth rates are now priced into
credit spreads and the risk premium. This is reflected by an increase in the risk-adjustment factor.

In summary, two assumptions lie behind the model’s ability to generate high prices for Arrow-Debreu default
claims, without increasing actual default probabilities. The first is the use of Epstein-Zin-Weil preferences, which
increases the time-adjustment factor by lowering the risk-free rate. The second is the assumption of switching
in the first and second moments of both earnings and consumption growth rates (intertemporal macroeconomic
risk). When the representative agent is averse to the delayed resolution of intertemporal risk (y > 1/4), she
dislikes intertemporal macroeconomic risk, which is reflected in an increased risk-adjustment factor. Finally
observe that is crucial to consider a dynamic economy in order to generate realistic magnitudes for credit
spreads, as we discuss in the paper, Section IV.B.3, page 23.

S-IX Additional results for A, BB, and B rated debt

We also investigate whether our model can correctly capture the term structure of the spread relative to AAA
debt of A, BB, and B rated debt, together with the corresponding actual default probabilities.5' Table S-IT
summarizes our results. We find that our model performs well both for safer (relative to BBB) A-rated debt
and riskier BB-rated debt. For B debt, however, our model underpredicts both credit spreads and default prob-
abilities. There are two potential explanations. A technical explanation is that empirical evidence (especially
on default rates) includes callable debt. It is possible that junk firms which issue callable debt are riskier than
those B-rated firms issuing non-callable debt. Most likely, however, it is because original junk issues frequently
default for liquidity reasons and thus the default boundary for these firms may be somewhat higher than is
optimal. Recent events from the 2008 credit crisis show that firms frequently default not because it is optimal

S-1For practical purposes, the AA rating is very close to the safest AAA rating, and therefore omitted. Also, there are
not enough firms in the CCC rating category and below to run our matching exercise.
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for equityholders to default, but because firms can not roll over their debt obligations and thus default for
liquidity reasons. Arguably, the default by Lehman Brothers, the biggest default in the U.S. to date, was at
least partly due to liquidity reasons. Before the credit crisis, however, it was original junk firms which were
potentially more likely to experience difficulties in rolling over their debt.

S-X Comparative statics—risk aversion and the elasticity of intertem-
poral substitution

In Table S-III, we summarize our results for the risk premium and leverage for relative risk aversion (RRA) of
10 and an EIS of 1.5, as in Bansal and Yaron (2004). Then in Table S-IV, in the same format, we report results
for the risk premium and leverage for low EIS (Panel A), low RRA (see Panel B) and both low EIS and low
RRA (Panel C). For comparison purposes, we also produce results for credit spreads.

Similar to Bansal and Yaron (2004), the unlevered risk premium drops by more than 80% to around 1%
when the EIS decreases from 1.5 to 0.5 in Panel A. The reason is that the representative agent’s preference for
earlier resolution of intertemporal risk is diluted and as a result the risk distortion factor falls. However, the
levered risk premium falls by less than the unlevered risk premium. The reduced risk-distortion factor decreases
the present value of a given stream of coupon payments. Hence, it becomes cheaper for the firm to issue debt.
Consequently, the firm levers up and the levered risk premium increases. In dynamics, the levered risk premium
is 2.51% compared with 3.22% in the base case calibration. This is a decrease of around 30%. At the same
time, value-weighted leverage increases from 28% to 39%.

Reducing RRA but holding the EIS constant has a smaller impact on the risk premium as reported in
Panel B. Note that it is not possible to reduce RRA by much more, since price-earnings ratios would no longer
be well-defined. As before, both the unlevered and levered risk premium fall. A decrease in RRA increases
both debt and equity values, leaving leverage almost unchanged. Consequently, the levered risk premium drops
significantly more compared with Panel A.

In Panel C, we study the equity market when we reduce both EIS and RRA. Obviously, both the unlevered
and levered risk premia fall. Even though leverage increases relative to the base case, the levered risk premium
is lower than in Panel A with high RRA. In dynamics, the levered risk premium is 1.74% compared with 3.22%

in the base case.
For comparison purposes, we also produce results for credit spreads in Tables S-III and S-IV.

S-XI Further details on the levered equity risk premium

In this section, we derive an expression for the cost of levered equity, which is extends Modigliani-Miller Propo-

sition IT (with taxes) to include cost bankruptcy and dynamic capital structure.

Proposition S-6 The cost of levered equity is given by
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where R,,,, is the payment made to bondholders at refinancing, ,uizD b — oy, is the risk premium on the

perpetual Arrow-Debreu default claim, which pays out a unit of consumption at default if default occurs in state

IJU vivy

vp, conditional on the current state being vy. Similarly, — 1y, 15 the risk premium on the perpetual

Arrow-Debreu, restructuring claim, which pays out a unit of consumption at refinancing if refinancing occurs in

state vy, conditional on the current state being vy.
Proof of Proposition S-6. When capital structure is dynamic, the price of levered equity is given by
2
Sl/t (Xt7 CV07 VO) == D/L'Ul/t (Xt7 Cl/()7 VO) + Z qU,Vf,VU (Xt7 VO)EVOVU7
vy=1

where Div,, is the present value of dividends paid to equityholders during the current refinancing period when

the current state is v, and can be written as
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Since levered firm value is given by Fy, (X3, cuy, 0) = Sy, (Xt, oo, v0) + By, (Xt, ¢y, v0), it then follows that
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2
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Hence,
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First, observe that if bankruptcy and refinancing cannot occur, then (S-36) reduces to (44). Second, observe

that if capital structure is static, then (S-36) reduces to
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(S-38)

Since Arrow-Debreu default claims pay off if default (a bad outcome) occurs, then uqRD"'tVD < 0, which implies

“%,w — uqRD’"t"D , and so the above formula shows that if leverage is kept fixed, the default option increases

the equity risk premium. Similarly, by comparing (S-36) with (44), observe that the possibility of refinancing
decreases the levered equity risk premium. The latter results are valid provided leverage does not change. We
hence refer to these results as direct effects. However, in our model leverage is chosen optimally, and so leverage
does change when the default and refinancing options are introduced, leading to indirect effects on the levered
risk premium. With the option to default, leverage is reduced, which reduces the levered risk premium. This
indirect effect dominates the direct effect, leading to an overall decrease in the levered risk premium. With the
introduction of the refinancing option, leverage is reduced, leading to a fall in the risk premium. Thus, both the
direct and indirect effects lead to a fall in the risk premium. In fact, if we hold leverage constant and compare
the levered risk premium with and without the refinancing option, there is very little change, implying that the
indirect effect is the more quantitatively important.

S-XII The risk adjustment in a three state model

In this section, we extend the model to include three states. The presence of a middle state allows us to
investigate what happens when there is a state, where the economy can both improve and worsen. Table S-V
shows the parameter values for the 3 state version of our model. Table S-VI compares risk adjustments in the 2
and 3 state models under static capital structure. Panel A — C show that risk adjustments are still procyclical
on the 3 state model. Furthermore, the magnitudes of the risk adjustments in the 3 state model are very close
to those in the 2 state model shown in Panels D — E.
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Table S-I : Model comparison

This table provides a comparison between stripped down versions of our model. In Model 1 there
is no intertemporal risk, the first and second moments of consumption and earnings growth rates
do not switch. In Model 2 the first and second moments of earnings growth switch but the first
and second moments of consumption growth do not. In Model 3 the first and second moments
of both earnings and consumption growth switch. In all models, capital structure is dynamic.
Results in Panel A are given at the refinancing date for an individual firm, whereas in Panel B
results are for a dynamic cross-section of firms. We assume ¥ = 0.75 to ensure that price-earnings
ratios in Model 1 are positive. In Panel A, we consider an individual firm at refinancing point. In
Panel B, we consider a dynamic cross-section. The credit spread is an equally weighted-average
across firms in the economy, whereas the risk premium is value-weighted average.

Model 1 2 3

RISK AVERSION 0% 10.00  10.00  10.00
EIS Y 0.75 0.75 0.75
DISTORTION FACTOR w 1.00 1.00 1.38
Panel A: Individual Firm at Refinancing Point
10-YEAR CREDIT SPREAD s b.p. 28.18 3797 55.36
10-YEAR ACTUAL DEFAULT PROBABILITY PD % 4.79 5.68 5.05
10-YEAR RISK ADJUSTMENT R 1.05 1.07 1.62
10-YEAR TIME ADJUSTMENT T 0.68 0.69 0.75
LEVERED RISK PREMIUM pur—1 % 0.33 0.35 2.53
Panel B: Dynamic Cross Section
10-YEAR CREDIT SPREAD S b.p. 113.31 129.77 157.62
10-YEAR ACTUAL DEFAULT PROBABILITY PD % 14.60 15.03  13.88
10-YEAR RISK ADJUSTMENT R 1.03 1.02 1.31
10-YEAR TIME ADJUSTMENT T 0.78 0.78 0.81
LEVERED RISK PREMIUM ur—1r % 0.35 0.37 2.83
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Table S-II : Benchmark results for various ratings

This table reports model-implied results under ‘true dynamics’ for credit spreads and
actual default probabilities for four ratings, A, BBB, BB, and B, and for five-year and
ten-year horizons. Results for BBB are taken from Panel C, Table III of the paper. All
results are obtained in the same way as for the BBB sample as discussed in the paper.
Empirical evidence on credit spreads is from Davydenko and Strebulaev (2007) (for all
maturities). Empirical data on historical default rates is from Moody’s over the period of

19202007 (see Cantor et al. (2008)).

Units A BBB BB B

Credit spread, True dynamics S

5 years b.p. 34 75 142 259

10 years b.p. 56 115 186 280

Credit spread, Empirical S

5 years b.p. 39 77 182 374

10 years b.p. 31 72 188 342

Actual default probability, True dynamics pp

5 years % 0.76 3.46 6.61 12.21
10 years % 3.84 838 15.66 23.56
Default probability, Empirical PD

D years % 1.12 3.14 9.59 21.43
10 years % 290 7.06 18.44 33.93
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Table S-II1 : Equity risk premium, leverage and credit spreads, base case

This table presents results for the risk premium, leverage and the 10-year credit spread for an elasticity
of intertemporal substitution (EIS) of 1.5 and relative risk aversion (RRA) of 10. Results for the risk
premium and leverage are for the model with optimal coupon, default and restructuring decisions. For
the dynamic cross-section, we generate 1,000 economies each containing 3,000 firms over 100 years at
quarterly frequency. The statistics are averaged over data sets. Results for the 10-year credit spread
are produced for BBB debt in the same way as in Panels B and C of Table III of the paper, i.e. the first
two results are for the specification with optimal default boundary and exogenous leverage and the
third result is for a dynamic simulated cross-section of BBB firms implied by the model with optimal
default and dynamic capital structure decisions. Simulation procedure is described in Appendix C of

the paper.
Static Capital Dynamic Capital Dynamic Capital
Structure Structure Structure
Units  Initial Date  Refinancing Date = True Dynamics

Risk-free rate r % 2.97 2.97 2.97
Unlevered Equity Premium R —T % 1.91 1.91 1.91
Levered equity premium UR —T % 3.08 2.66 3.22

25% quantile % 2.91

75% quantile % 3.40
Equally-weighted leverage =~ B/(B + 5) % 42.52 28.74 40.56
Value-weighted leverage B/(B+S) % 42.52 28.74 28.10
Market-wide leverage B/(B+S) % 42.52 28.74 33.87
Credit spread, 10-year s b.p. 49 42 115
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Table S-IV : Equity risk premium, leverage and credit spreads, comparative statics

This table presents results for the risk premium, leverage and credit spreads for low EIS in Panel A,
low RRA in Panel B and low EIS and low RRA in Panel C.

Static Capital
Structure

Dynamic Capital
Structure

Dynamic Capital
Structure

Units  Initial Date  Refinancing Date  True Dynamics
Panel A: Low EIS (¢» = 0.5 and y = 10)
Risk-free rate r % 7.45 7.45 7.45
Unlevered Equity Premium UR—T % 1.04 1.04 1.04
Levered equity premium R —T % 2.49 2.07 2.51
25% quantile % 2.28
75% quantile % 2.59
Equally-weighted leverage ~ B/(B+S) % 53.34 41.17 52.15
Value-weighted leverage B/(B+S) % 53.34 41.17 39.29
Market-wide leverage B/(B+S) % 53.34 41.17 47.16
Credit spread, 10-year s b.p. 43 38 105
Panel B: Low RRA (¢ = 1.5 and v = 7.5)
Risk-free rate r % 3.02 3.02 3.02
Unlevered Equity Premium R —T % 1.38 1.38 1.38
Levered equity premium R —T % 2.44 1.88 1.95
25% quantile % 1.83
75% quantile % 2.02
Equally-weighted leverage ~ B/(B+S) % 47.66 26.76 41.11
Value-weighted leverage B/(B+S) % 47.66 26.76 24.46
Market-wide leverage B/(B+S) % 47.66 26.76 28.44
Credit spread, 10-year s b.p. 39 33 93
Panel C: Low EIS and low RRA (¢ = 0.5 and v = 7.5)
Risk-free rate r % 7.42 7.42 7.42
Unlevered Equity Premium UR—T % 0.72 0.72 0.72
Levered equity premium UR —1 % 1.77 1.44 1.74
25% quantile % 1.60
75% quantile % 1.87
Equally-weighted leverage = B/(B + S) % 54.84 41.89 52.57
Value-weighted leverage B/(B+S) % 54.84 41.89 39.98
Market-wide leverage B/(B+S) % 54.84 41.89 47.86
Credit spread, 10-year s b.p. 36 32 86
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Table S-V : Parameter estimates, three state model

This table reports conditonal estimates of model parameters for a 3-state model.
To calibrate the model to the aggregate US economy, quarterly real non-durable
plus service consumption expenditure from the Bureau of Economic Analysis
and quarterly earnings data from Standard and Poor’s, provided by Robert
J. Shiller, are used. The personal consumption expenditure chain-type price
index is used to deflate nominal earnings. The estimates of consumption growth
rate and volatility, earnings growth rate and volatility, and correlation between
earnings and consumption are obtained by maximum likelihood and based on
quarterly log growth rates for the period from 1947 to 2005. All variables are
given per annum and in per cent (0.01 means 1% p.a.)

Conditional estimates

Parameter Symbol State 1 State 2 State 3
Consumption growth rate gi 0.0171  0.0321 0.0471
Consumption growth volatility 0C;i 0.0112 0.0101  0.0090
Earnings growth rate 0; -0.0274  0.0361  0.0997
Earnings growth volatility 0% 0.1280 0.1012  0.0743
Idiosyncratic earnings growth volatility Ué? 0.2258  0.2258  0.2258
Correlation 2'¢e; 0.1998 0.1998  0.1998
Actual long-run probabilities fi 0.3333 0.3333 0.3333
Actual convergence rate to long-run P 0.7646 0.7646  0.7646
Annual discount rate 8 0.01 0.01 0.01
Tax rate n 0.15 0.15 0.15
Bankruptcy costs 1— oy 0.30 0.20 0.10
Debt issuance cost L 0.03 0.02 0.01
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Table S-VI : Risk adjustments

This table shows perpetual risk adjustments, R,, ., at the initial date when capital structure
is static. Panels A, B and C report values for a 3 state economy when the initial state of the
economy is 1, 2 and 3, respectively. Panels D and E report values for a 2 state economy when
the initial state of the economy is 1 and 2, respectively.

Panel A: initial state is 1
DEFAULT STATE, Up

1 2 3
CURRENT STATE, 14
1 1.416 0.727 0.6281
2 1.436 0.738 0.637
3 1.454 0.747  0.645

Panel B: initial state is 2
DEFAULT STATE, vp

1 2 3
CURRENT STATE, vy
1 1.387 0.713 0.616
2 1.407 0.723 0.624
3 1.425 0.732  0.632

Panel C: initial state is 3
DEFAULT STATE, Vp

1 2 3
CURRENT STATE, 14
1 1.376 0.707 0.610
2 1.396 0.718 0.619
3 1.414 0.727 0.627

Panel D: initial state is 1
DEFAULT STATE, Vp

1 2
CURRENT STATE, 14
1 1.472 0.739
2 1.509 0.757

Panel E: initial state is 2
DEFAULT STATE, Vp

1 2
CURRENT STATE, 14
1 1.434 0.721
2 1.470 0.738
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